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Quantum coherence is a basic feature of quantum physics. Combined with tensor product structure of state
space, it gives rise to the novel concepts such as entanglement and quantum correlations, which play a crucial
role in quantum information processing tasks. However, quantum correlations, especially entanglement, are
fragile under decoherence. In this context, very few investigations have touched on the production of quantum
coherence by quantum operations. In this paper, we study cohering power – the ability of quantum operations
to produce coherence. First, we provide an operational interpretation of cohering power. Then, we decompose
a generic quantum operation into three basic operations, namely, unitary, appending and dismissal operations,
and show that the cohering power of any quantum operation is upper bounded by the corresponding unitary
operation. Furthermore, we compare cohering power and generalized cohering power of quantum operations
for different measures of coherence.
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2I. INTRODUCTION
Quantum superposition, arising from the linearity of quantum mechanics, is the most fundamental feature of quantum me-
chanics. It is one of the characteristic distinguishing properties between classical and quantum systems. It is responsible for
almost all the intriguing quantum phenomena such as interference of microscopic particles. Quantum coherence [1], which is
identified by the presence of off-diagonal terms in the quantum states, is a direct consequence of the superposition principle. It
builds the foundation of quantum theory. Moreover, combined with the tensor product structure of quantum state space, quan-
tum superposition can give rise to various quantum correlations including quantum entanglement [2], which form an important
physical resource in quantum information processing tasks [3]. Entangled states have vast applications in as many fields as
quantum communication and computation, in quantum metrology [4]. However, unlike entanglement and quantum correlations,
quantum coherence is a basis-dependent quantity. That is, coherence of a given quantum state can be quite different within
different reference frameworks. For example, while the state |ψ〉 = 1√
2
(|0〉+ |1〉) = |+〉 has coherence in σz-basis {|0〉, |1〉}, it
has zero coherence in σx-basis {|±〉 = |0〉±|1〉√2 }. On the other hand, |φ+〉 =
1√
2
(|00〉 + |11〉) = 1√
2
(|+ +〉+ | − −〉), is both
coherent and entangled in both the above bases. The dependence of quantum coherence on the choice of basis–the reference
basis–can sound disturbing at first, but it is naturally determined by the experimental situation at hand. Quantum coherence has
been widely applied in fields like quantum thermodynamics [5–9] and quantum biology [10–12]. These suggest coherence to be
a useful resource at the nanoscale. It has also application in quantum parallelism [3]. These important advancements in quantum
domain suggest that there should be a quantitative framework for coherence. Like entanglement, a rigorous framework for the
quantification of quantum coherence, from a resource-theoretic point of view, has been developed recently in Ref. [1]. In any
resource theory, there are two basic components: free (allowed) states and free (allowed) operations. The resource theory of
quantum coherence, likewise, is based on the set of “incoherent operations” as the free operations and the set of “incoherent
states” as the set of free states. As remarked earlier, the set of incoherent states and the set of incoherent operations depend
critically on the choice of basis. Recently, a significant effort has been devoted towards quantifying quantum superposition,
and hence quantum coherence, from a resource theoretic perspective [1, 13–40]. In order to exploit quantum coherence, we
need to quantify coherence in a given state. Along this line, several kinds of coherence measures such as l1-norm of coherence,
relative entropy of coherence and skew-information of coherence have been introduced in [1, 14]. That quantum coherence can
be measured with entanglement was shown in Ref. [16]. It turns out that a proper measure of coherence should satisfy following
properties: (i) (Nullity) Incoherent states have zero coherence, (ii) (Monotonicity) Incoherent completely positive and trace pre-
serving maps cannot increase coherence, and/or the average coherence should not increase under selective measurements, and
(iii) (Convexity) Non-increasing of coherence under the mixing of quantum states. Besides, the relationship of coherence with
other quantities like mixedness and quantum discord were revealed in [17, 22, 25, 27]. Several statistical properties of quantum
coherence have also been obtained in Refs. [41, 42] in parallel to entanglement. Furthermore, the operational resource theory of
quantum coherence has been developed in [18], and the transformation processes like coherence distillation have been studied
to give physical interpretations to the coherence measures mentioned above.
Quantum systems are notoriously different from classical systems, and can outperform classical systems in many information-
processing tasks, including quantum communication and computation [3]. Therefore, quantum technology has significant im-
portance to information technology. However, one of the major bottlenecks of quantum technology is the quantum decoherence
effect [3]. In the phenomenon of decoherence, a quantum system inevitably interacts with its surroundings and loses quantum
coherence. Quantum correlations, especially entanglement, have been found to be fragile under decoherence [43, 44]. The
decoherence effect inherently leads to the dissipation from quantum systems to classical systems. However, we need to avoid the
phenomenon of decoherence when we implement quantum techniques in quantum information and computation [3]. Due to im-
mense importance of quantum correlations and entanglement–being indispensable resources–in quantum information processing
tasks, maintaining coherence and/or quantum correlations in quantum systems is a challenging assignment. Here, the cohering
power of quantum operations turns up as a savior. The cohering power of a quantum operation quantifies the ability to produce
coherence. Authors in [31] have calculated cohering power of some special qubit operations exactly. In our work, we investigate
two different types of cohering power of generic quantum operations. First, we give an operational interpretation of cohering
power. Moreover, we address the problem of estimating cohering power of a generic quantum operation in terms of simple
operations. We calculate the cohering power of three basic quantum operations, namely, unitary operation, appending operation
and dismissal operation. Then, by dividing a generic quantum operation into these three quantum operations, we obtain an upper
bound on the cohering power of this generic operation in terms of cohering power of these basic operations. More importantly,
we compare two different kinds of cohering powers (CC and ĈC) for unitary operations. For l1-norm measure, they coincide in
single qubit case only, while they are different for any number of qubits for relative entropy of coherence.
The paper is organized as follows. Introductory material about coherence is presented in Sect. II. We give an information-
theoretic interpretation of cohering power in Sec. III. In Sec. IV, we calculate cohering power of three basic quantum operations,
and obtain an upper bound on the cohering power of a generic quantum operation in terms of that of these basic quantum
operations. Sec. V is devoted to comparison of cohering powers, CC and ĈC , for different measures of coherence. Finally, we
conclude in Sec. VI.
3II. PRELIMINARY AND NOTATIONS
Throughout this paper, we assume that all quantum systems are described by finite-dimensional complex Hilbert spaces. A
quantum state ρ onH is a positive semi-definite operator with unit trace. The set of all quantum states onH is denoted byD(H).
Besides, the operator ρψ = |ψ〉〈ψ| is said to be a pure state for each unit vector |ψ〉 ∈ H. Let H be a d-dimensional complex
Hilbert space and {|k〉}dk=1 be some reference basis of H. For each quantum state ρ ∈ D(H), identified as a matrix (ρij) with
respect to the basis {|k〉}, we have following two proper measures of coherence [1]:
(i) l1-norm of coherence, Cl1 , is defined by
Cl1(ρ) :=
∑
i6=j
|ρij |. (1)
(ii) Relative entropy of coherence, Cr, is defined by
Cr(ρ) := minσ∈IS(ρ ‖ σ) = S(ρdiag)− S(ρ), (2)
where I is the set of all incoherent states on H, that is, all states on H which are diagonal matrices with respect to the
reference basis {|k〉}, S(ρ ‖ σ) = Trρ(log ρ − log σ) is the relative entropy between ρ and σ, S(ρ) = −Trρ log ρ is the
von Neumann entropy of ρ, and ρdiag is the quantum state obtained from ρ by deleting all the off-diagonal elements of ρ,
that is, ρdiag =
∑
k〈k|ρ|k〉|k〉〈k|.
It follows from the definition of coherence measures that:
Cl1(ρ⊗ σ) + 1 = (Cl1(ρ) + 1)(Cl1(σ) + 1), (3)
and
Cr(ρ⊗ σ) = Cr(ρ) + Cr(σ). (4)
Let L (H,K) be the set of all linear operators fromH to K. IfH = K, we denote L (H,H) by L (H). A linear transformation
Φ which maps L (H) to L (K) is said to be a quantum operation if there are finite linear operators Kµ ⊆ L (H,K) such that∑
µK
†
µKµ = I and for each ρ ∈ D(H),
Φ(ρ) =
∑
µ
KµρK
†
µ.
The quantum operation Φ is said to be incoherent operation if for eachKµ, KµIK†µ ⊂ I (upto a normalization) [1].
Let C denote the coherence measure Cl1 or Cr. Recall that the cohering power and the generalized cohering power of a
quantum operation are defined respectively by [22]:
CC(Φ) : = max { C(Φ(δ)) : δ ∈ I }
= max { C(Φ(δ)) : δ = | k〉〈k|, k ∈ [d] } , (5)
ĈC(Φ) : = max { C(Φ(ρ))− C(ρ) : ρ ∈ D(H) } , (6)
where [d] denotes the set { 1, . . . , d }, and Equation (5) follows from the convexity of the measures of coherence [1].
Finally, for a matrix A ∈ Cd×d, we define its matrix norm ‖A‖1→1 by [45]
‖A‖1→1 : = max { ‖Ax‖1 , ‖x‖1 = 1 }
= max
{
d∑
i=1
|Aij | : j = 1, . . . , d
}
.
where x = (x1, x2, . . . , xd)
T and ‖x‖1 =
∑d
i=1 |xi|.
It turns out that ∥∥∥∥∥∥
∏
j
Aj
∥∥∥∥∥∥
1→1
6
∏
j
‖Aj‖1→1 , (7)∥∥∥∥∥∥
⊗
j
Aj
∥∥∥∥∥∥
1→1
=
∏
j
‖Aj‖1→1 . (8)
4III. OPERATIONAL INTERPRETATION OF COHERING POWER OF QUANTUM OPERATIONS
By definition, the cohering power of a quantum operation Φ can be used to measure the maximal amount of coherence
generated by Φ. Besides, based on an idea in the entanglement theory [46], we consider the following operational task: Given
a quantum operation Φ : D (H) → D(H), if there exist states σ and σ′ ∈ D(K) and an incoherent quantum operation Ψ such
that for any ρ ∈ D(H),
Ψ(ρ⊗ σ) = Φ(ρ)⊗ σ′, (9)
then we say that the quantum operationΦ can be implemented by using an incoherent operation and an ancillary quantum system
K. [Note that here σ and σ′ are not fixed. They can be different for different ρ.] The question is, what is the minimal amount
of coherence in the quantum state σ ? The following proposition answers this question, and provides a physical interpretation of
cohering power of quantum operation Φ.
Proposition 1. Let Φ : D (H) → D(H) be a quantum operation and C be a coherence measure. If Φ can be implemented
by using an incoherent operation Ψ and an ancillary state σ in quantum system K, then the lower bound on the amount of
coherence in the initial state σ of the ancillary system K is CC(Φ). Moreover, if the coherence measure C is subadditive, then
the lower bound on the amount of coherence in the state σ is ĈC(Φ).
Proof. Let σ, σ′ ∈ D(K) and Ψ be an incoherent quantum operation such that for any ρ ∈ D(H),
Ψ(ρ⊗ σ) = Φ(ρ)⊗ σ′.
Then, the coherence in ρ ⊗ σ can not be less than Φ(ρ) ⊗ σ′. That is C(ρ ⊗ σ) > C(Φ(ρ) ⊗ σ′). Thus C(|k〉〈k| ⊗ σ) >
C(Φ(|k〉〈k|)⊗ σ′) for any k ∈ [d]. Since |k〉〈k| is incoherent, the appending quantum operation with appending state |k〉〈k| is an
incoherent operation. Moreover, the dismissal operation is incoherent. Therefore, C(σ) > C(|k〉〈k| ⊗ σ) > C(Φ(|k〉〈k|)⊗ σ′) >
C(Φ(|k〉〈k|)). Thus
C(σ) > max { C(Φ( | k〉 〈k | )) : k ∈ [d] } = CC(Φ).
Moreover, if the coherence measure C is subadditive, then C(ρ) + C(σ) > C(ρ⊗ σ) > C(Φ(ρ)⊗ σ′) > C(Φ(ρ)). Hence
C(σ) > max { C(Φ(ρ)− C(ρ)) : ρ ∈ D(H) } = ĈC(Φ),
which implies that the lower bound on the amount of coherence in the state σ is ĈC(Φ).
IV. THE CALCULATION OF COHERING POWER OF QUANTUM OPERATIONS
In this section, we calculate the cohering power CC of quantum operations, where C denotes Cl1 or Cr. Among all quantum
operations, the following three basic operations are most important.
(i) Unitary operation: Let Φ maps L (H) to itself. If there is a unitary operator U such that for each ρ ∈ D(H),
Φ(ρ) = UρU †,
then Φ = ΦU is said to be a unitary operation.
(ii) Appending operation: Let Φ maps L (H) to L (H⊗K). If σ ∈ D(K) and for each ρ ∈ D(H),
Φ(ρ) = ρ⊗ σ,
then Φ = ΦA is said to be a appending operation.
(iii) Dismissal operation: Let {Hi}Ni=1 be N finite dimensional complex Hilbert spaces, H = ⊗Nj=1Hj is an N -partite
system. IfH0 = ⊗K0i=1Hji with K0 ≤ N and for each ρ ∈ D(H),
Φ(ρ) = TrH0ρ,
then Φ = ΦD is said to be a dismissal operation.
It is easy to show that the dismissal quantum operation ΦD is incoherent, and the appending quantum operation ΦA is
incoherent if the appending state σ is incoherent. Moreover, the following lemma shows that any quantum operation can be
generated by the above three quantum operations, that is
5Lemma 2 ([47]). Let H be a d-dimensional complex Hilbert space, and Φ : L (H) −→ L (H) be a quantum operation. Then
there is a d2-dimensional complex Hilbert space K, a pure state |ψ〉 ∈ K and a unitary operator U onH⊗K such that for each
ρ ∈ D(H),
Φ(ρ) = TrK
(
U(ρ⊗ |ψ〉〈ψ|)U †) . (10)
Thus, the cohering power of above three basic quantum operations play an important role in estimating the cohering power of
a generic quantum operation.
A. Cohering power of a quantum operation for Cl1 measure
Now, we compute the cohering power of above three basic quantum operations for l1-norm measure of coherence, Cl1 .
Unitary operation, ΦU : LetΦ = ΦU be a unitary operation, where U = (Uij) is a unitary matrix. Since Cl1(U(|k〉〈k|U †)) =∑
i6=j |(U |k〉〈k|U †)ij | =
∑d
i,j=1 |(U(|k〉〈k|U †)ij | − 1 =
(∑d
i=1 |Uik|
)2
− 1, then by the definitions of cohering power CCl1
and norm ‖·‖1→1, we have
CCl1 (ΦU ) = ‖U‖
2
1→1 − 1. (11)
Appending operation, ΦA: Let σ ∈ D(K), ΦA(ρ) = ρ⊗ σ. Then
CCl1 (ΦA) = max{Cl1(δ ⊗ σ) : δ ∈ I} = Cl1(σ).
Dismissal operation, ΦD: Let ΦD(ρ) = TrKρ. Then
CCl1 (ΦD) = max { Cl1(TrKδ) : δ ∈ I } = 0.
By using (7), (8) and (10), we can estimate the cohering power of global unitary operations Φ∏
j Uj
and Φ⊗
j Uj
by each
unitary operation ΦUj , that is
Proposition 3. Let {Ui} be unitary operators onH. Then
CCl1 (Φ
∏
j Uj
) + 1 6
∏
j
(
CCl1 (ΦUj ) + 1
)
, (12)
CCl1 (Φ
⊗
j Uj
) + 1 =
∏
j
(
CCl1 (ΦUj ) + 1
)
. (13)
Note that the property (13) was obtained in [31]. Next, we show that the cohering power of unitary operations has continuous
property, that is
Proposition 4. Let ΦU and {ΦUn }n be unitary operations onH. If limn→∞ ‖Un − U‖1→1 = 0, then
lim
n→∞
CCl1 (ΦUn) = CCl1 (ΦU ).
Proof. Let dimH = d. Then for each unitary operator V onH, ‖V ‖1→1 ≤
√
d. Thus, the proposition follows from
|CCl1 (ΦUn)− CCl1 (ΦU )|
= | ‖Un‖21→1 − ‖U‖21→1 |
6 | ‖Un‖1→1 − ‖U‖1→1 | · | ‖Un‖1→1 + ‖U‖1→1 |
6 2
√
d| ‖Un‖1→1 − ‖U‖1→1 |
6 2
√
d ‖Un − U‖1→1 .
In order to prove our main results in this section, we need the following proposition:
6Proposition 5. Let { | ki〉 : ki ∈ [di] }3i=1 be the reference bases of three complex Hilbert spaces {Hi}3i=1, Φ1 : L (H1) −→
L (H2) and Φ2 : L (H2) −→ L (H3) be quantum operations. If Φ2 is a unitary operation, or an appending operation or a
dismissal operation, then
CCl1 (Φ2 ◦ Φ1) + 1 6 (CCl1 (Φ2) + 1) · (CCl1 (Φ1) + 1). (14)
Proof. (i) If Φ2 = ΦU is a unitary operation, where U = (Uij) is a unitary matrix, then CCl1 (Φ2) = ‖U‖
2
1→1 − 1. Note that∑d3
i,j=1 |Uir| |Ujs| 6 ‖U‖21→1 = CCl1 (Φ2) + 1 and
CCl1 (Φ2 ◦ Φ1) + 1
= Cl1
(
U(Φ1(|k1〉〈k1|))U †
)
+ 1
=
d3∑
i,j=1
∣∣∣∣∣
d2∑
r,s=1
Uir(Φ1(|k1〉〈k1|))rsU †sj
∣∣∣∣∣
6
d3∑
i,j=1
d2∑
r,s=1
|Uir| |Ujs| |Φ1(|k1〉〈k1|)rs|
=
d2∑
r,s=1
|(Φ1(|k1〉〈k1|))rs|
d3∑
i,j=1
|Uir| |Ujs|
6 (Cl1(Φ2) + 1) (CCl1 (Φ1) + 1).
Hence, the inequality (14) is proved.
(ii) If Φ2 is an appending operation, that is, Φ2 : ρ −→ ρ⊗ σ, then CCl1 (Φ2) = Cl1(σ), and
Cl1(Φ2 ◦Φ1(|k1〉〈k1|)) + 1 = Cl1(Φ1(|k1〉〈k1|)⊗ σ) + 1 = (Cl1(Φ1(|k1〉〈k1|)) + 1) · (Cl1(σ) + 1). (15)
So we have CCl1 (Φ2 ◦Φ1) + 1 = (CCl1 (Φ2) + 1) · (CCl1 (Φ1) + 1).
(iii) If Φ2 is a dismissal operation, then there is a finite dimensional complex Hilbert space K with a reference basis
{ | k4〉 : k4 ∈ [d4] }, such thatH2 = H3 ⊗K and Φ2(ρ) = TrKρ. Note that CCl1 (Φ2) = 0, and
CCl1 (Φ1) = max
{
d4∑
r,u=1
d3∑
s,v=1
|Φ1(δ)rs,uv| : δ = |k1〉〈k1| , k1 ∈ [d1]
}
. (16)
Hence, we have
Cl1(Φ2 ◦ Φ1(|k〉〈k|)) + 1
=
d4∑
r,u=1
|
d3∑
s=1
Φ1(|k1〉 〈k1|)rs,us|
6
d4∑
r,u=1
d3∑
s,v=1
|Φ1(|k1〉 〈k1|)rs,uv|
6 (CCl1 (Φ1) + 1) · (CCl1 (Φ2) + 1).
Besides, due to Lemma 2, Proposition 5 and the zero cohering power of appending and dismissal operations, the cohering
power of any quantum operation is upper bounded by that of the corresponding unitary operation, where the unitary operation is
described in a larger dimensional space. Another interesting proposition is the evaluation of CCl1 (Φ1⊗Φ2) in terms of CCl1 (Φ1)
and CCl1 (Φ2), that is
Proposition 6. LetH1,H′1,H2 andH′2 be finite dimensional complexHilbert spaces, { | k1〉 : k1 ∈ [d1] } and { | k2〉 : k2 ∈ [d2] }
be the reference basis of H1 and H2, respectively, Φ1 : L (H1) −→ L (H′1) and Φ2 : L (H2) −→ L (H′2) be two quantum
operations. Then
CCl1 (Φ1 ⊗ Φ2) + 1 = (CCl1 (Φ1) + 1) · (CCl1 (Φ2) + 1). (17)
7Proof. Note that for coherence measure Cl1 ,
Cl1(ρ⊗ σ) + 1 = (Cl1(ρ) + 1) · (Cl1(σ) + 1).
Therefore,
CCl1 (Φ1 ⊗ Φ2) + 1
= max{Cl1(Φ1 ⊗ Φ2(δ)) : δ = |k1k2〉〈k1k2|, k1 ∈ [d1], k2 ∈ [d2]}+ 1
= max { Cl1(Φ1(δ1)) + 1 : δ = | k1〉〈k1|, k1 ∈ [d1] } ×
max { Cl1(Φ2(δ2)) + 1 : δ = | k2〉〈k2|, k2 ∈ [d2] }
= (CCl1 (Φ1) + 1) · (CCl1 (Φ2) + 1).
Remark 7. In an N -qubit system, the cohering power of unitary operation ΦH⊗N , where H =
1√
2
[
1 1
1 −1
]
is the Hadamard
gate, is maximal over all unitary operations, that is,
CCl1 (ΦH⊗N ) = 2
N − 1 = max{ CCl1 (ΦU ) : U ∈ U ((C2)⊗N ) } .
We know that H⊗N plays an important role in quantum computation and is the key to some quantum algorithms, such as
Shor’s algorithm [48, 49]. Based on Solvay-Kitaev theorem [50], any quantum algorithm can be realized approximately by a
sequence of unitaries from a finite set of unitaries. This set is called a basis. For example, the set of gates
Q =
{
H,K,K−1,Λ(σx),Λ2(σx)
}
,
whereK =
[
1 0
0 i
]
, Λ(σx) is the controlled-not (CNOT) gate, andΛ
2(σx) is the CNOT gate with two control qubits, constitutes
a basis [50]. It is easy to see that the cohering powers of all the gates in this basis is zero except the Hadamard gate. So,
the cohering power of a quantum algorithm can be determined approximately by the number of Hadamard gates used in the
algorithm.
B. Cohering power of a quantum operation for Cr measure
In this subsection, we will calculate the cohering power CCr of a generic quantum operation for relative entropy of coherence.
Firstly, we compute also the cohering power of three basic quantum operations for Cr.
(i) For unitary operation ΦU , we consider the following two special cases to witness some features of CCr (ΦU ).
• U on single-qubit system, that is, U is a 2× 2 unitary matrix. Since U can be represented by
U = eiϕ
[
a b
−b∗ a∗
]
,
where |a|2 + |b|2 = 1, we have
CCr (ΦU ) = −|a|2 log2 |a|2 − |b|2 log2 |b|2 = S
(|a|2, |b|2) .
• UAB = UA ⊗ UB on two-qubit system, where UA and UB are 2× 2 unitary matrices, we have
CCr (ΦUAB ) = S(ρdiag) = S
(|a|2, |b|2)+ S (|c|2, |d|2) .
After some simple calculation, one can obtain the cohering power CCr of a general unitary operation ΦU with U = (Uij), as
CCr (ΦU ) = max {S( | U1i|2, |U2i|2, · · · , |Udi|2), i ∈ [d] } . (18)
(ii) For appending operation ΦA, that is, ΦA : ρ −→ ρ ⊗ σ, we have CCr (ΦA) = max { Cr(ΦA(δ)) : δ ∈ I } =
max { Cr(δ ⊗ σ) : δ ∈ I } = Cr(σ).
(iii) For dismissal operation ΦD, that is Φ : ρ −→ TrKρ, we have CCr (ΦD) = max { Cr(TrKδ) : δ ∈ I } = 0.
Though the cohering power of three basic quantum operations have been obtained for relative entropy of coherence, it is
difficult to use the same prescription as in Cl1 measure case to deal with Cr measure case. However, by the definition of CCr , we
still have the following proposition which allows us to evaluate the cohering power of ⊗jΦ in terms of that of each Φj .
8Proposition 8. Let {Φj}nj=1 be a series of quantum operations. Then
CCr
 n⊗
j=1
Φj
 = n∑
j=1
CCr (Φj). (19)
V. COMPARISON BETWEEN CC AND ĈC
In this section, we compare the cohering power CC and ĈC of quantum operations. By the definitions, CC(Φ) is always less
than ĈC(Φ), where C denotes the coherence measure Cl1 or Cr. For simplicity, we consider only unitary operations. Firstly, we
study the Cl1 measure case and find that CC(Φ) and ĈC(Φ) can be equal in single qubit systems.
Proposition 9. The cohering powers CCl1 and ĈCl1 , of any unitary operation ΦU on a single qubit system, are equal. However,
for an N-qubit system (N > 2), there exists a unitary operation ΦUN such that CCl1 (ΦUN ) < ĈCl1 (ΦUN ).
Proof. (1). In single-qubit case, any unitary operator U can be written as U = eiϕ
[
a b
−b∗ a∗
]
with |a|2 + |b|2 = 1, and any
state ρ ∈ D(C2) can be expressed as ρ = I
2
+ 1
2
~r · ~σ, where ~r = (x, y, z) is a unit vector and ~σ = (σx, σy, σz) are the Pauli
matrices. Thus,
CCl1 (ΦU ) = max { Cl1(ΦU (δ)) : δ ∈ I } = 2 |ab| ,
and
Cl1(UρU †)− Cl1(ρ)
=
∣∣a2(x− iy) + b2(x+ iy)− 2abx∣∣− |x− iy|
6 |a|2 |x− iy|+ |b|2 |x+ iy|+ 2|ab||x| − |x− iy|
6 2 |ab| |x| 6 CCl1 (ΦU ),
where the last inequality is due to |x| 6 1. Hence we have ĈCl1 (ΦU ) 6 CCl1 (ΦU ). However, as ĈCl1 (ΦU ) is always larger than
CCl1 (ΦU ), we have CCl1 (ΦU ) = ĈCl1 (ΦU ) for any unitary operation ΦU .
(2). For any U ∈ U(C2), it follows from (1) that CCl1 (ΦU ) = ĈCl1 (ΦU ). Thus there exists ρ1 ∈ D
(
C
2
)
such that
CCl1 (ΦU ) = Cl1(Uρ1U †)−Cl1(ρ1). Now, we take a quantum state σ ∈ D(HN−1) such that Cl1(σ) > 0 and ρ1⊗σ ∈ D(HN ).
Let UN = U1⊗ IN−1 and ρN = ρ1⊗σ, where IN−1 denotes the identity operator on the remaining (N−1)-qubit system. Then
CCl1 (ΦUN ) = CCl1 (ΦU1),
and
Cl1(UNρNU †N )− Cl1(ρN )
= Cl1(U1ρ1U †1 ⊗ σ)− Cl1(ρ1 ⊗ σ)
= (Cl1(U1ρ1U †1 ) + 1) · (Cl1(σ) + 1)− (Cl1(ρ1) + 1) · (Cl1σ) + 1)
= (Cl1(U1ρ1U †1 )− Cl1(ρ1)) · (Cl1(σ) + 1)
> Cl1(U1ρ1U †1 )− Cl1(ρ1)
= CCl1 (ΦU1).
Therefore,
CCl1 (ΦUN ) < ĈCl1 (ΦUN ).
It follows from Proposition 9 that CCl1 (ΦU ) = ĈCl1 (ΦU ) for any unitary operation ΦU on a single qubit system. This
implies that the maximal coherence, produced by ΦU over all states, can be obtained by considering only basis states. Moreover,
the following proposition shows that for any unitary operation on any quantum system, CCl1 (ΦU ) can describe the maximal
coherence produced over all states in some sense.
9Proposition 10. The cohering power CCl1 of any unitary operation ΦU , on a d-dimensional quantum system Hd, is given by
CCl1 (ΦU ) = max
{ Cl1(UρU †)− Cl1(ρ)
Cl1(ρ) + 1
: ρ ∈ D(Hd)
}
. (20)
Proof. Since
d∑
i,j=1
∣∣(UρU †)ij ∣∣ = d∑
i,j=1
∣∣∣∣∣
d∑
s,t=1
UisρstU
†
tj
∣∣∣∣∣
6
d∑
i,j=1
d∑
s,t=1
|Uis| |ρst| |Ujt| =
d∑
s,t=1
|ρst|
 d∑
i,j=1
|Uis| |Ujt|

6
(
‖U‖21→1
) d∑
s,t=1
|ρst| ,
therefore
Cl1(UρU †)− Cl1(ρ) 6 (‖U‖21→1 − 1)
d∑
i,j=1
|ρij | = CCl1 (ΦU ) · (Cl1(ρ) + 1).
As the above expression is true for any ρ, we have
Cl1(ΦU ) > max
{ Cl1(UρU †)− Cl1(ρ)
Cl1(ρ) + 1
: ρ ∈ D(Hd)
}
.
On the other hand, it is clear that
Cl1(ΦU ) 6 max
{ Cl1(UρU †)− Cl1(ρ)
Cl1(ρ) + 1
: ρ ∈ D(Hd)
}
.
Hence the proof is completed.
The above proposition implies that CCl1 (ΦU ) · (Cl1(ρ) + 1) ≥ Cl1(UρU †) − Cl1(ρ) for any quantum state ρ. That is, given
a unitary operation ΦU and a quantum state ρ, the coherence produced after the operation of ΦU on ρ, is determined by the
coherence of the initial state ρ and the cohering power CCl1 (ΦU ), although the cohering power CCl1 is defined only for the
incoherent states (see Eq. (5)). Next, we compare CCr(ΦU ) with ĈCr(ΦU ). Note that, in general, the features of cohering
powers for l1 norm of coherence may not hold true for relative entropy of coherence.
Proposition 11. For anN -qubit system (N > 1), the cohering powers CCr and ĈCr of any unitary operation ΦU are not equal,
in general. That is, there exists a unitary operation ΦUN such that CCr (ΦUN ) < ĈCr (ΦUN ).
Proof. First, we give a specific example which shows that CCr (ΦUN ) and ĈCr (ΦUN ) are not equal even for a single qubit system.
Let
U1 =
(
0.5828− 0.8125i −0.0148+ 0.0007i
−0.0125− 0.0080i −0.1021− 0.9947i
)
,
and
ρ1 =
(
0.8706 0.3078 + 0.0527i
0.3078− 0.0527i 0.1294
)
.
Then CCr (ΦU1) ≈ 0.0030 and [Cr(U1ρ1U †1 ) − Cr(ρ1)] ≈ 0.0190. Thus, CCr (ΦU1) < ĈCr (ΦU1), for a single qubit system.
[Note that U1 and ρ1 above are chosen randomly using a computer program. Hence, they have this complex numerical form.
However, it could be possible to construct a simple unitary to demonstrate the same.]
In N -qubit case, we take UN = U1 ⊗ IN−1 and ρN = ρ1 ⊗ σ, where σ is a state of the (N − 1)-qubit system. Then
CCr (ΦUN ) = CCr (ΦU1),
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and
Cr(UNρNU †N )− Cr(ρN )
= Cr(U1ρ1U †1 ⊗ σ)− Cr(ρ1 ⊗ σ)
= Cr(U1ρ1U †1 ) + Cr(σ)− (Cr(ρ1) + Cr(σ))
= Cr(U1ρ1U †1 )− Cr(ρ1).
Since CCr (ΦUN ) = CCr (ΦU1) < Cr(U1ρ1U †1 )− Cr(ρ1) = Cr(UNρNU †N )− Cr(ρN ), we have
CCr (ΦUN ) < ĈCr (ΦUN ).
Proposition 11 shows that above two cohering powers defined for Cr measure are not equal even in a single qubit system,
which is different from the l1-norm case. Thus, we need to specify the coherence measure when we refer to the cohering power.
VI. CONCLUSION
A major bottleneck of quantum technology is the quantum decoherence effect, which leads to the dissipation from quantum
systems to classical systems. Quantum correlations, especially entanglement, are fragile under decoherence. However, due to
vast applications of quantum correlations and entanglement in quantum information processing tasks, maintaining coherence
and/or quantum correlations in quantum systems is a desirable task. We must check the phenomenon of decoherence when
we implement quantum techniques in quantum information and computation. Here, the role of cohering power of quantum
operations becomes crucial. In this work, we have investigated the cohering power of generic quantum operations and compared
two different types of cohering power. First, we provided an information-theoretic interpretation of cohering power of quantum
operations. We showed that the minimal amount of coherence of an ancillary quantum state such that a given quantum operation
can be implemented by using an incoherent operation and an ancillary quantum system is just its cohering power. Moreover, by
dividing a generic quantum operation into three basic quantum operations, namely, unitary operation, appending operation and
dismissal operation, we showed that the cohering power of any quantum operation is upper bounded by that of the corresponding
unitary operation. Furthermore, we compared two different kinds of cohering powers (CC and ĈC) for unitary operations. For
Cl1 measure, they coincide in single qubit case only, while they are different for any number of qubits in the case of Cr measure.
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